RECOLLEMENT AND TILTING COMPLEXES 



JUN-ICHI MIYACHI 



Abstract. First, we study recollement of a derived category of unbounded 
complexes of modules induced by a partial tilting complex. Second, we give 
equivalent conditions for P' to be a recollement tilting complex, that is, a tilt- 
ing complex which induces an equivalence between recollements a/ AeA^A), 
D(A), D(eyle)} and {D B/BfB (B), D(B), D(fBf)}, where e, / are idempotents 
of A, B, respectively. In this case, there is an unbounded bimodule com- 
plex A' T which induces an equivalence between DA/AeA(A) and D B / B f B (B). 
Third, we apply the above to a symmetric algebra A. We show that a partial 
tilting complex P' for A of length 2 extends to a tilting complex, and that P" 
is a tilting complex if and only if the number of indecomposable types of P m 
is one of A. Finally, we show that for an idempotent e of A, a tilting complex 
for eAe extends to a recollement tilting complex for A, and that its standard 
equivalence induces an equivalence between MoAA/AeA and Mod Bj BfB. 



0. Introduction 

The notion of recollement of triangulated categories was introduced by Beilinson, 
Bernstein and Deligne in connection with derived categories of sheaves of topological 
spaces ([1]). In the representation theory, Cline, Parshall and Scott applied this 
notion to finite dimensional algebras over a field, and introduced the notion of 
quasi-hereditary algebras ([5], [14]). In quasi-hereditary algebras, idempotents of 
algebras play an important role. In [16], Rickard introduced the notion of tilting 
complexes as a generalization of tilting modules. Many constructions of tilting 
complexes have a relation to idempotents of algebras (e.g. [13], [19], [6], [7]). We 
studied constructions of tilting complexes of term length 2 which has an application 
to symmetric algebras ([8]). In the case of algebras of infinite global dimension, 
we cannot treat recollement of derived categories of bounded complexes such as 
one in the case of quasi-hereditary algebras. In this paper, we study recollement 
of derived categories of unbounded complexes of modules for projective algebras 
over a commutative ring k, and give the conditions that tilting complexes induce 
equivalences between recollements induced by idempotents. Moreover, we give some 
constructions of tilting complexes over symmetric algebras. 

In Section 2, for a projective algebra A over a commutative ring fc, we study a 
recollement {/Cp, D(A), D(B)} of a derived category D(A) of unbounded complexes 
of right A- modules induced by a partial tilting complex P', where B — Endo^) (P - )- 
We show that there exists the triangle £y in D(Mod ^4°) which induce adjoint func- 
tors of this recollement, and that the triangle £v is isomorphic to a triangle which 
is constructed by a P'-resolution of A in the sense of Rickard (Theorem 2.8, Propo- 
sition 2.15, Corollary 2.16). In general, this recollement is out of localizations of 
triangulated categories which Neeman treated in [12] (Corollary 2.9). Moreover, we 
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study a recollement {D A / AeA (A),D(A),D(eAe}} which is induced by an idempo- 
tent e of A (Proposition 2.17, Corollary 2.19). In Section 3, we study equivalences 
between recollements which are induced by idempotents. We give equivalent con- 
ditions for P 1 to be a tilting complex inducing an equivalence between recollements 
{D A/AeA (A), D(A), D(eAe)} and {D B/BfB (B), D(B), D(fBf)} (Theorem 3.5). We 
call this tilting complex a recollement tilting complex related to an idempotent 
e. There are many symmetric properties between algebras A and B for a two- 
sided recollement tilting complex B T' A (Corollaries 3.7, 3.8). Moreover, we have 
an unbounded bimodulc complex A T e D(B° ® A) which induces an equivalence 
between D A / AeA (A) and D B / B f B (B). The complex A' T is a compact object in 
D A / AeA (A), and satisfies properties such as a tilting complex (Propositions 3.11, 
3.13, 3.14, Corollary 3.12). In Section 4, we study constructions of tilting complexes 
for a symmetric algebra A over a field. First, we construct a family of complexes 
{<d' n (P m , A)} n >o from a partial tilting complex P", and give equivalent conditions 
for Q - n (P - , A) to be a tilting complex (Definition 4.3, Theorem 4.6, Corollary 4.7). 
As applications, we show that a partial tilting complex P 1 of length 2 extends to 
a tilting complex, and that P' is a tilting complex if and only if the number of 
indecomposable types of P' is one of A (Corollaries 4.8, 4.9). This is a complex 
version over symmetric algebras of Bongartz's result on classical tilting modules 
([3]). Second, for an idempotent e of A, by the above construction a tilting com- 
plex for eAe extends to a recollement tilting complex T' related to e (Theorem 4.11). 
This recollement tilting complex induces that A/AeA is isomorphic to B/BfB as a 
ring, and that the standard equivalence RHom' A (T' , — ) induces an equivalence be- 
tween Mod A/AeA and ModB/BfB (Corollary 4.12). This construction of tilting 
complexes contains constructions obtained by several authors. 

1. Basic Tools on Projective Algebras 

In this section, we recall basic tools of derived functors in the case of projective 
algebras over a commutative ring fc. Throughout this section, we deal only with 
projective fc-algebras, that is, fc-algebras which are projective as fc-modules. For 
a fc-algebra A, we denote by Mod A the category of right A-modules, and denote 
by Proj A (resp., proj A) the full additive subcategory of Mod A consisting of pro- 
jective (resp., finitely generated projective) modules. For an abelian category A 
and an additive category £>, we denote by D(A) (resp., D + (.4), D~(A), D b (.4)) 
the derived category of complexes of A (resp., complexes of A with bounded below 
cohomologies, complexes of A with bounded above cohomologics, complexes of A 
with bounded cohomologies), denote by K(£>) (resp., K h (B)) the homotopy category 
of complexes (resp., bounded complexes) of B (see [15] for details). In the case of 
A = B = Mod A, we simply write K*(A) and D*(A) for K*(Mod A) and D*(Modyl), 
respectively. Given a fc-algebra A we denote by A the opposite algebra, and by 
A e the enveloping algebra A° ® fe A. We denote by Res A : UoAB°® k A — > Mod A 
the forgetful functor, and use the same symbol Res A : D(B°®kA) — ► D(A) for the 
induced derived functor. Throughout this paper, we simply write ® for <S>k- 

In the case of projective fc-algebras A, B and C, using [4] Chapter IX Section 2, 
we don't need to distinguish the derived functor 

Res k o (RKom- c ) : D(A° ® C)° x D(P° ® C) -> D(P° ® A) -> D(fc) 
(resp., Res k o (<g>£) : D(A° ® B) x D(P° ® C) -> V{A° <g> C) -» D(jfe)) 
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with the derived functor 

RHom c o((Res c )° x Res c ) : D{A° ® C)° x D(B° <g> C) ~> D(C)° x D(C) -> D(fc) 

(resp., <g> | o (i?es s x Res B o ) : D(^° <g> B) x D(B° <g> C) -> D(B) x D(B°) -> D(fc)) 

(see [17], [2] and[20] for details). We freely use this fact in this paper. Moreover, 
we have the following statements. 

Proposition 1.1. Let k be a commutative ring, A,B,C,D projective k-algebras. 
The following hold. 

1. For A U B G D(A° ® B), B Vc G D(B° <g> C), C W- D G D(C° <g> D), we /iave an 
isomorphism in D(A° ® D): 

Uf/" ® ® = a^" ® b(V- ® 

2. For G D(A° ® B),£>V£ G D(F>° ® C), A W- C G D(F>° ® C), we Ziaue an 
isomorphism in D(B° ® £)); 

BHom^U^^Hom^,^^^^)) S HHom^V^, flHom^Ut/jj, 

3. For A J7]j G D(A° ® B), B V^ G D(B° ® C), D W- C G D(F>° ® C), we /iawe an 
isomorphism in D(D° ® A): 

RRom c ( A U- ® d^c) = i?Homs( A f/s, HHomcUV^, uWc)). 

4. For AC/], G D(A° ® B), B Vc G 0(5° ® C), A W- C G D(A° ® C), we /iaue an 
isomorphism in D(k): 

RRom A o® c { A U- ®%Vc,aWc) flHom^sU^B, flHom^B^, a^c))- 

5. For A C/J3 G D(A° ® £?), sV^ G D(F° ® C), A Wc G D(A° ® C), we Ziaue a 
commutative diagram: 

Bom D(A o 0C) ( A U m <S>bVc,aWc) Rom D(AOS>B) ( A U B , RH-om c ( B V c , aW c )) 

Resc I I Res B 

Hom D(c) ([7- <k> B V c , W c ) Rom D(B) (U B ,RRom- c ( B V c ,W c )), 

where all horizontal arrows are isomorphisms induced by 3 and 4- Equiv- 
alently, we don't need to distinguish the adjunction arrows induced by B V^ 
(see [10], IV, 7). 

Definition 1.2. A complex X' G D(A) is called a perfect complex if X' is iso- 
morphic to a complex of K (projA) in D(A). We denote by D(A) por f the trian- 
gulated full subcategory of D(A) consisting of perfect complexes. A bimodule com- 
plex X' G D(£>°®fcA) is called a biperfect complex if Res A (X - ) G D(A) por f and if 
Res B o(X') G D(F°) por f. 

For an object C of a triangulated category V, C is called a compact object in V 
i/Homp(C, — ) commutes with arbitrary coproducts on V. 

For a complex X' = (X 1 , d 4 ), we define the following truncations: 

a< n X- : . . . X n - 2 -> X 11 - 1 -> Kerd" -> . . . , 
cr'>„X- : . . . -► Cokd™- 1 -► -► X"+ 2 -f . . . . 

The following characterization of perfect complexes is well known (cf. [16]). For 
the convenience of the reader, we give a simple proof. 

Proposition 1.3. For X' G D(A), the following are equivalent. 
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1. A" is a perfect complex. 

2. A" is a compact object in D(A). 

Proof. 1 =>• 2. It is trivial, because we have isomorphisms: 
Hom D(A) (A\-) = R°Bom- A (X-,-) 

= H°(- (k^RRom- A (X-,A)). 

2 => 1. According to [2] or [20], there is a complex P- : . . . P™" 1 ^ P™ -> 
. . . e K(Proj A) such that 

(a) P- = X- in D(A), 

(b) Hom K(A) (P-,-) = Hom D(A) (P-,-). 

Consider the complex C" : . . . —> Coke?™ -1 . . . , then it is easy to see that C" = 
the coproduct U„ gZ Cokd™ _1 [— n] = the product Ilriez Cokd ,l_1 [— n], that is the 
biproduct ©„ eZ Cokd rl_1 [— n] of CokeP _1 [— n]. Since we have isomorphisms in 
Mod k: 

[] n£z Hom K(A) (P" , Cok d»- 1 [-n] ) - Hom K(A) (P" , 0^ Cok d"" 1 [-*] ) 

= TT Hom K(A) (P-,Cokd"- 1 [-n]), 

it is easy to see Hom K (^)(P - , Cokd" _1 [— n]) = for all but finitely many n £ Z. 
Then there are m < n such that P" = a'> m a< n P' and a'> m a< n P' £ K b (Proj,4). 
According to [16] Proposition 6.3, we complete the proof. □ 

Definition 1.4. We call a complex X' £ D(A) a partial tilting complex if 

(a) X- g D(A) pcrf , 

(b) Hom D(A) (A-, X-[n\) = /or a?/ n ^ 0. 

Definition 1.5. Let X' £ D(A) oe a partial tilting complex, and B = End D ( J 4)(A 1 ). 
According to [9] Theorem, there exists a unique bimodule complex V' £ D(B° <g> A) 
up to isomorphism such that 

(a) i/iere is an isomorphism <f> : X' Pes^V 1 in D(A) smc/i i/iai 0/ = A#(/)0 
/or any / G Endp^) (A 1 ), wftere A B : P. — > EndD^fV") is ifce £e/it multipli- 
cation morphism. 

We call V' the associated bimodule complex of A" . Ira i/iis case, i/ie /e/t multiplica- 
tion morphism As : P — ► l?Hom^(F", y - ) is an isomorphism in D(ModP e ). 

Rickard showed that for a tilting complex P 1 in D(A) with P = End D ( J 4)(P"), 
there exists a two-sided tilting complex bT' a S D(P° eg) A) ([17]). 

Definition 1.6. A bimodule complex bP'a € D(P <£>fcA) is ca^ed a two-sided tilting 
complex provided that 

(a) is a biperfect complex. 

(b) TTiere exisis a biperfect complex A Tg - such that 

(bl) bT-^^T^-^B in D(P°), 
(b2) A T V - ®^T A =A in D(A C ). 
We call A Tg m the inverse of bT' a . 

Proposition 1.7 ([17]). For a two-sided tilting complex bT a £ D(P° A), the 
following hold. 
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1. We have isomorphisms in D(A° <g>B): 

A T B ' = RRom' A (T, A) 
= RKom B (T, B). 

2. RHom.- A (T\ -) = - ® \T y - : D*(A) — > D*(B) is a triangle equivalence, and 

has RHom' B (T v- , — ) = — <g) gT 1 : D*(B) — > D*(A) as a quasi-inverse, where 
* = nothing, +, — , b. 

In the case of projective fc-algebras, by [17] we have also the following result (see 
also Lemma 2.6). 

Proposition 1.8. For a bimodule complex bT' a , the following are equivalent. 
1. bT a is a two-sided tilting complex. 
2- bT' a satisfies that 

(a) bT' a is a biperfect complex, 

(b) the right multiplication morphism p A : A — > RRom' B (T - ,T m ) is an iso- 
morphism in D(ModA c ), 

(c) the left multiplication morphism As : B — ► RRom A (T - , T") is an isomor- 
phism in D(Mod B°). 

2. RECOLLEMENT AND PARTIAL TILTING COMPLEXES 

In this section, we study recollements of a derived category D(A) induced by a 
partial tilting complex P m A and induced by an idempotent e of A. Throughout this 
section, all algebras are projective algebras over a commutative ring k. 

Definition 2.1. Let V,T>" be triangulated categories, and j* : V — > V" a d- 
functor. If j* has a fully faithful right (resp., left) adjoint j» : T>" — > T> (resp., 
j\ : V" -> V), then {V,V";j*, j*} (resp., {V,V";j u j*}) is called a localiza- 
tion (resp., colocalization) of T> . Moreover, if j* has a fully faithful right adjoint 
j* : V" — > V and a fully faithful left adjoint j\ : V" — ► V, then {V, V"; j\, j* , j*} is 
called a bilocalization ofV. 

For full subcategories U and V of V, (U, V) is called a stable t-structure in V 
provided that 

(a) U and V are stable for translations. 

(b) Homx,(W,V) = 0. 

(c) For every X E V, there exists a triangle U — > X — > V — > U[l] with U E U 
and V E V. 

We have the following properties. 

Proposition 2.2 ([1], cf. [11]). Let (U,V) be a stable t-structure in a triangulated 
category V, and let U -> X -> V -> U[l] and U' -> X' -> V -> U'[l] be triangles 
in T> with U,U' E U and V,V E V. For any morphism f : X — > X' , there exist 
a unique fu ■ U — > U' and a unique fy : V — > V which induce a morphism of 
triangles: 

U ► X > V ► U[V\ 



fu 



f 



fv 



Ml] 



U' ► X' y V y U'[l]. 
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In particular, for any X E T>, the above U and V are uniquely determined up to 
isomorphism. 

Proposition 2.3 ([11]). The following hold. 

1. If {T>, D"; j* , j*} (resp., {T>,T>"; j\, j*}) is a localization (resp., a colocaliza- 
tion) ofT>, then (Ker j*, Im j*) (resp., (Im j\, Kcr j*)) is a stable t-structure. 
In this case, the adjunction arrow lp — ► (resp., — > lpj implies 
triangles 

U^X^j*j*X^U[l] 
(resp.,j<fX^X^V^X[l]) 

with U E Ker j* 7 j-*j*X E Imj» (Vesp., j!j*A" G Imji, V" G Kcr j* ) for all 
X G V. 

2. If {V,V";j\,j* ,j*} is a bilocalization of V, then the canonical embedding 
i» : Ker j* — > 2? /ias a rig/it adjoint v : V — > Kcr j* and a left adjoint i* : 
V — > Ker suc/i i/iaf {Ker j*, £>, 2?"; i*, i*, r , ji, j*, j»} is a recollement in the 
sense of [1]. 

3. If {T>',T>, T>";i*,i*,i ] , is a recollement, then {V,T>"; j\, j* , j*} is a 
bilocalization ofV. 

Proposition 2.4 ([1]). Let {V ,V,V";i* , j\, j*, j*} &e a recollement, then 
(Imi», Imj») and (Imjt,Imi*) are stable t-structures in T>. Moreover, the adjunc- 
tion arrows a : i*v — > l^, /3 : lx> — > .7*J*, 7 : j\j* — ► lx>, 5 : lp — > imply 
triangles in V: 

► A > J*J A — > 1*1 A [1J, 

/or any X E V. 

By Definition 2.1, we have the following properties. 

Corollary 2.5. Under the condition of Proposition 2.4, the following hold for X E 
V. 

1. i*vX = X (resp., X = j*j*X) in V if and only if ax (resp., (3x) is an 
isomorphism. 

2. j\j*X = X (resp., X = i*i*X) in V if and only if "fx (resp., Sx) is an 
isomorphism. 

For X E Mod C° <g> A, Q G Mod B° <g> A, let 

tq(X) : X® A Hom A (Q,A) ^Hom^Q,*) 

be the morphism in Mod C° ®B defined by (x®f i— ► (q i— > xf(q))) ior x E X,q E Q, 
f E Hom^Q, .A). We have the following functorial isomorphism of derived functors. 

Lemma 2.6. Lei k be a commutative ring, A, B, C projective k-algebras, bV'a € 
D(B° ® A) iwift Bes^' G D(A) pcrf7 and V*- = RHom m A (V',A) G D(A° <8> B). 
Tften we have the (d -functorial) isomorphism: 

t v :-® \V*- ^ HHom^V, -) 
as derived functors D(C° ® A) -> D(C° <g> B). 
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Proof. It is easy to see that we have a 9-functorial morphism of derived functors 
D(C° ®A) -► D(C° ® B): 

t v : - ® A*'* - HHom^V, -). 

Let P" G K b (proj A) which has a quasi-isomorphism P" — > Pes^V^ 1 . Then we have 
a <9-functorial isomorphism of 9-functors D(C° <S> A) — ► D(C°) 

Tp : - <8U Hom^(P% A) Hom A (P-, -). 

Since Resc o 7y = 7p and H"(rp) is an isomorphism, 7y is a 9-functorial isomor- 
phism. □ 

Concerning adjoints of the derived functor — ® A V*', by direct calculation we 
have the following properties. 

Lemma 2.7. Lef k be a commutative ring, A, B, C projective k-algebras, bV\ G 
D(B° <8> A) with Res A V- G D(^) perf , and A V*" = RHom A (V-, A) G D(A° <8> P). 
TTien following hold. 

1. Ty induces the adjoint isomorphism: 

$ : Hom D(c . 8B) (-,?® £V*-) Hom D(c . 0A) (- ® ?). 

Therefore, we get the morphism ey ■ V*' <S> gV - A in D(A°) (resp., fly : 

B — > V' <S> aV*' * n ^(B e )) f rom the adjunction arrow of A G D(A C ) (resp., 
B G D(B C )J. 

2. in i/ie adjoint isomorphism of 1, the adjunction arrow — ® \V*' ® %V' —* 
1d(c°®a) (Vesp., 1d(c°®b) — >• — ® pV" 1 ® aV*"J * s isomorphic to — ® 

(Vesp., - <g> s^W- 

3. In i/ie adjoint isomorphism: 

Hom D(c . 8A) (-,flHoml,(r, ?)) Hom D(c » gB) (- ® 3jV"*"j ?), 

</ie adjunction arrow 1d(c°®a) ~~ * HHom^V* 1 , — ® 5^*") ( res P-r 

.RHom^V*', — )®^V*' — » 1d(c°®b)J isomorphic to RHom' A (ey , —) (resp., 
RRom-gi'dv,-)). 

Let A, P be projective algebras over a commutative ring k. For a partial tilting 
complex P 1 G D(A) with B = Endo(A) (P")j ^ -B^a be the associated bimodule 
complex of P". By Lemma 2.6, we can take 

j v] = - ® |y- : D(B) - D(A), 

iy = - ® a^ - = i?Hom^(V, -) : D(A) - D(B), 
jv. - flHom^V*", -) : D(B) -» D(A). 

By Lemma 2.7, we get the triangle £y in D(A C ): 

V*- ® |V ^UA^U A A {V) -» V*- ® |V[1]. 

Let Cp be the full subcategory of D(A) consisting of complexes X' such that 
Hom D(A) (P-,X-[i]) = for all i G Z. 
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Theorem 2.8. Let A, B be projective algebras over a commutative ring k, P' G 
D(A) a partial tilting complex with B = End D ( A ) (P'), and let bV a be the associated 
bimodule complex of P' . Take 

jv, = - ® %V : D(B) D(A), 3v = ~® aV*' : D(A) -> D(B), 

jv, = RHom B (V*-,-) : D(B) -» D(A), i* v = - ® i^k(^) : D(A) -> /Cp, 

iy* = i/ie embedding : /Cp — > D(A), i v = Ji Hom^(4A(y , ) 1 — ) : D(A) — > /Cp, 

i/ien {/C P , D(A), D(73);^,iv*,«v,Jv!, Jv,Jv*}-' 

/C P 5 D(A) B D(B) 

is a recollement. 

Proof. Since it is easy to see that 7y(V") o #y is the left multiplication morphism 

B -> HHom A (V-, V-), by the remark of Definition 1.5, d v : B ->■ V" <g> ^V* 1 is 
an isomorphism in D(£> c ). By Lemma 2.7, {D(A), D(S);jV!,iv' Jv*} i s a bilocal- 
ization. By Proposition 2.3, there exist i v : D(A) — > /Cp, iv* = the embedding 
: /Cp -> D(A), ^ : D(A) -> /C P such that {/C P , D(A), 0(B); ^, iv* , Jvi, Jv, Jv*} 

is a recollement. For X' G D(A), by Lemma 2.7, X - ® A ey is isomorphic to the 

adjunction arrow jv\jv(X m ) — > X 1 . Then X" <8> A ?7v is isomorphic to the adjunction 

arrow X - — > iv*i v -(^')> ano ^ hence we can take i y = — ® A A' A (V') by Propositions 
2.2, 2.4. Similarly, we can take i v = R~Rom A (A A (V-) , -). □ 

In general, the above A A (V - ) and /A A (e) in Proposition 2.17 are unbounded 
complexes. Then, by the following corollary we have unbounded complexes which 
are compact objects in /Cp and in Da/a c a(A). This shows that recollements of 
Theorem 2.8 and Proposition 2.17 are out of localizations of triangulated categories 
which Neeman treated in [12]. 

Corollary 2.9. Under the condition Theorem 2.8, the following hold. 

1. /Cp is closed under coproducts in D(A). 

2. For any X' G D(A) pcr f, X m (g> A A A (V') is a compact object in /Cp. 

Proof. 1. Since P m is a compact object in D(A), it is trivial. 
2. Since we have an isomorphism: 

Hom D(A) (i y X-,Y-)=Hom D(A) (X-,y) 

for any Y' G /Cp, we have the statement. □ 

Corollary 2.10. Let A, B be projective algebras over a commutative ring k, P' G 
D(A) a partial tilting complex with B = EndD( A )(-P"); and let bV'a ^ e ^ e associated 
bimodule complex of P' . Then the following hold. 

1. A A (V) - A A (V) ® L A A A (V) m D(A e ). 

2. RRom A (A A (V),A A (V)) ^ A A (V) mD(A c ). 

Proof. Since A A (V) <g> A V*-[n] ^ j y iv*i v (A[n]) = O for all n, A A (V) <g> aVv is 
an isomorphism in D(A C ). Similarly, since 

R Hom' A (V* m <g> gV m , A A (V))[n] = R Hom^ ( V*' , A A ( V ) <g> J V*" ) [n] 

= 
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for all n, RHom A (r]v , A A (V')) is an isomorphism in D(A e ). 

Lemma 2.11. Let V be a triangulated category. Then the following hold. 
1. For morphisms of triangles in T> (n > 1): 

X n > Y n > Z n > X n [l] 



□ 



+1 



Yn 



+ 1 



Z n 



+1 



there exists a triangle U X n — > JJ X n — > X — > ]J JT„ [1] smc/i f/iai we have the 
following triangle in V: 

X — > hocolimY„ — > hocolimZ„ — > 

2. For a family of triangles in T>: C n — > X n -\ — > X„ — » C„[l] (n > 1), wii/i 
Xo = X, £/iere exists a family of triangles in T>: 

c n [-i] - r„_i -» y„ - c n (n > l), 

uraift Y"o = O, suc/i iftai we /iafe </ie following triangle in V: 
Y -» X -» hocolimX n y[l], 

w/iere ]J y„ — > ]J F„ — > Y — > U Y„[l] is a triangle in V. 
Proof. 1. By the assumption, we have a commutative diagram: 

UXn ► UYn > UZn ► LI X n [1] 



1 -shift 



1 -shift 



UXn[l] 



According to [1] 9 lemma, we have the statement. 

2. By the octahedral axiom, we have a commutative diagram: 



Y 



n-l 



X 



X 



x„ 



Xn 



C n [l] 



K n _l[l] 



Yn[l] 



= C n [l], 

where all lines are triangles in V. By 1, we have the statement. 



□ 



For an object M in an additive category B, we denote by Add M (resp., add M) 
the full subcategory of B consisting of objects which are isomorphic to summands 
of coproducts (resp., finite coproducts) of copies of M. 

Definition 2.12. Let A be a projective algebra over a commutative ring k, and 
P - 6 D(A) a partial tilting complex. For X' E D~(A), there exists an integer r 
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such that Hom D (^)(P - , X m [r + i]) = for all i > 0. Let X - Q = X\ For n > 1, by 
induction we construct a triangle: 

P-[n - r - 1] ^ X- n _, X; ^ P;[n - r] 

as follows. //Hom D ( J 4)(P 1 ,X^_ 1 [r — n + 1]) = 0, then we set P' n — O. Otherwise, 
we take P r \ G Add P" and a morphism g' n : P' n — > X^ l _ 1 [r — n + 1] suc/i i/iai 
HoniD(A)(-P%ffn) * s ara epimorphism, and let g n = g' n [n — r — 1]. By Lemma 2.11, 
we have triangles: 

P> - r - 2] -> - ^ P> - r - 1] 

and Yj = O. TTien we define V' QC (P' , X') and A m 00 (P', X') by the complex of Lemma 
2.11 (2) and hocolimX^, respectively. Moreover, we have a triangle: 

v^(P-,x-) x- zup-,x-) - v^(P-,x-)[i]. 

Lemma 2.13. Let A, B be projective algebras over a commutative ring k, P" G 
D(A) a partial tilting complex with B = Endo(A) {P'), an d bV\ the associated 
bimodule complex of P" . For X' G D~(^4), we have an isomorphism of triangles in 
D(A): 

jv\iv x ' > x ' iv*i* v X- > j v] j^X-[l] 

v^(P-,x-) ► x- > ^(P;x-) ► v^(P-,x-)[i]. 

Proof. By the construction, we have HoniD(A)(-P'j ^^(P', X') [i]) = for all i, 
and then A' 00 (P - ,X m ) G Imiy* (see Lemma 4.5). Since jy\ is fully faithful and 
P 1 G Imjyi, it is easy to see G Imjvi- Then V^ (P",X") G Imjyi, because jVi 
commutes with coproducts. By Proposition 2.2, we complete the proof. □ 

Definition 2.14. Let A be a projective algebra over a commutative ring k, and 
P" G D(A) a partial tilting complex. Given X' G D(A), for n > 0, we have a 
triangle: 

V^(P-,a< n X") -> a<„X- - ^(P-,a<„X-) -> V^(P", <r<„X-)[l]. 

According to Lemma 2.13 and Proposition 2.2, for n > we have a morphism of 
triangles: 

V^(F,a<„X') - <r<„X- - ^(P-,a<„X-) - V^(P',»<„X')[1] 
ill I 
V^(P-,.T< n+1 X-) - CT <„ + 1 X- - ^(P-, CT < n+1 X-) - Vi (P-,<7< n+1 X-)[l]. 

T/ien we define V^ (P",X - ) and /^(P",^ 1 ) t/ie complex of Lemma 2.11 (1) 
and hocolimzi^ (P", cr<„X") ; respectively. Moreover, we have a triangle: 

V X {P-,X-) -^X-^ A X {P-,X-) -+ V^(P-,X-)[1], 
because X' = hocolim a< n X\ 

Proposition 2.15. Let A, B be projective algebras over a commutative ring k, 
P" G D(A) a partial tilting complex with B = End D ( A )(P"), and bV'a the associated 
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bimodule complex of P m . For X' G D(A), we have an isomorphism of triangles in 
D(A): 

jv\jyX- > X- > i v *i* v X- > j V \jvX-[l] 

i i i 

V^(P%X-) > X- > A X {P-,X-) > V^(P-,X-)[1]. 

Proof. By Lemma 2.13, V" 00 (P 1 , a< n X - ) G lmj V \ and A- oc (P - , a< n X m ) G Imi v *. 
Since P - is a perfect complex, Hom D (^(P' , — ) commutes with coproducts. Then 
we have A - 00 (P\X - ) e Imiy*- We have also V^ C (P",X - ) G Imjyi, because jv\ is 
fully faithful and commutes with coproducts. By Proposition 2.2, we complete the 
proof. □ 

Corollary 2.16. Let A, B be projective algebras over a commutative ring k, P' G 
D(A) a partial tilting complex with B = End.D(A)(P'), and bV a the associated 
bimodule complex of P' . For X' G D(A), we have isomorphisms in D(A): 

X-^^A-AV^-A-^P^X-). 

Proof. By Theorem 2.8 and Proposition 2.15, we complete the proof. □ 
For an idempotent e of a ring A, by Hom^eA, A) = Ae, we have 

3%. = - ® eAe^A : D(eAe) - D(A), 
f* = - ® A Ae ^ Rom A (eA, — ) : D(A) — ► D(eAe), 
= i2Hom- Ae (Ae,-) : D(eAe) - D(A). 

And we also get the triangle £ e in D(A e ): 

Ae ® L eAe eA ^ A A A {e) - Ae ® * Ae eA[l]. 

Throughout this paper, we identify Mod A/AeA with the full subcategory of Mod A 
consisting of A-modules M such that Hom^(eA, M) = 0. We denote by D A i AeA (A) 
the full subcategory of D*(A) consisting of complexes whose cohomologies are in 
Mod A/AeA, where * = nothing, +, — ,b. According to Theorem 2.8, we have the 
following. 

Proposition 2.17. Let A be a projective algebra over a commutative ring k, e an 
idempotent of A, and let 

3%. = - ® eAe&A : D(eAe) -> D(A), j A = - ®a Ae : D(A) -> D(eAe), 

ft, = RRom eAe (Ae, -) : D(eAe) - D(A), = - ® A A A (e) : D(A) - D eAe (A), 

i A „ = tfie embedding : D eAe (^4) -» D(A), i A = RUom' A (A A (e) , -) : D(A) -» D eAe (A). 

Then {D A/AeA (A),D(A),D(eAe);i A *,i A ^,i A \j%J e A *,j A J is a recollement. 

Remark 2.18. According to Proposition 1.1 and Lemma 2.7, it is easy to see that 
{D c °®A/AeA(C° ® A),D(C° <g> A),D(C° ® eAe);i^,i A „i e lj%,j A *,j A J is also a 
recollement for any projective k-algebra C . 

Corollary 2.19. Let A be a projective algebra over a commutative ring k, and e 
an idempotent of A, then the following hold. 
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1. A A {e)® L A A A {e)^A A {e) m D(A e ) 

2. RRom A (A A (e),A A (e)) S A A (e) m D(A C ) 

3. M^e have the following isomorphisms in ModA°: 

A/AeA = End D(A) (A A (e)) S H°(^(e)). 
Moreover, the first isomorphism is a ring isomorphism. 

Proof. 1,2. By Corollary 2.10. 

3. Applying Hom D (yn(— , Z\^(e)) to £ e , we have an isomorphism in Mod A e : 

Eom D{A) (A A {e),A A {e))^Hom D{A) (A,A A {e)), 

because Hom D( ^)(Ae <g> f Ae eA, A A (e)[n\) = Rom D ^(j Al j A *(A),i A J A l (A)[n]) = 
for all n e Z by Proposition 2.3, 1. Applying Hom D ( J 4)(A, — ) to £ e , we have an 
isomorphism between exact sequences in Mod A c : 

Hom D(A) (A,Ae® % Ae eA) Hom D(A) (A,A) -> Hom D(A) (A,^(e)) -> 

I ! 4 ! 1 ! 

Ae ® £ Ae e4 — > A — > A/AeA — > 0. 

Consider the inverse of Homp^) (Z\^(e), A A (e)) Kom D r A \(A, A A {e)), then it is 
easy to see that Hom D (A)(A, A) — > Hom D ( J 4)(A, A - A {e)) — ► HomD^^^e), Z\^(e)) 
is a ring morphism. □ 

Remark 2.20. It is not hard to see that the above triangle £ e also play the same 
role in the left module version of Corollary 2.19. Then we have also 

1. RKom AO (A A (e),A A (e)) £S A A (e) in D(A°) 

2. We have a ring isomorphism (A/AeA)° = EndD(A°)(^A( e ))- 

3. Equivalences between Recollements 

In this section, we study triangle equivalences between recollements induced by 
idcmpotcnts. 

Definition 3.1. Let {T> n ,V'^;j nif ,j*} (resp., {T> n ,V^j n ,,j^,j n *}) be a colocal- 
ization (resp., a bilocalization) of "D n (n = 1,2). If there are triangle equivalences 
F : T>\ — > T>2, F" : V'{ — ► V 2 such that all squares are commutative up to (d- 
functorial) isomorphism in the diagram: 

Vi <=► V'{ V x 5 V'{ 

F\ I F" {resp., F[ [ F" ), 

V 2 <=> V'i V 2 B V> 2 > 

then we say that a colocalization {T>i,V";j nt ,,ji} (resp., a bilocalization {T>i,V'{; 

is triangle equivalent to a colocalization \T> 2 ,T> 2 ; j n *,j£} (resp., a bilo- 
calization {V 2 ,V' 2 ^j n \,j 2 *,j 2 *}). 

For recollements {D' n , V n , V'^; i* n , i w , v n , j n \, j* , j n „} (n = 1,2), if there are tri- 
angle equivalences F' : T>[ -> V 2 , F : V x -> V 2 , F" : T>'{ -> V 2 ' such that all 
squares are commutative up to (d-functorial) isomorphism in the diagram: 











v'l 


F'i 




F | 




IF' 


v 2 




v 2 
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then we say that a recollement {V' 1 ,V\,'D'{;i\,ii*,i\, j{, ji*} is triangle equiva- 
lent to a recollement \V'^V-i,V'{\i\,%-i*,v 2 ,j'2,\,j? i ,j-i*\. 

We simply write a localization {T>, T>"}, etc. for a localization {D, T>"; j* , j*}, 
etc. when we don't confuse them. Parshall and Scott showed the following. 

Proposition 3.2 ([14]). Let {V' n ,V n ,V'^] be recollements (n = 1,2). If triangle 
equivalences F : T>\ — > T>2, F" : T>'{ — ► T>2 induce that a bilocalization {T>i,T>'{} is 
triangle equivalent to a bilocalization \T><i,T>'£\, then there exists a unique triangle 
equivalence F' : T>' x — > T>' 2 up to isomorphism such that F' , F, F" induce that a 
recollement {T>' 1 ,T>i,'D"} is triangle equivalent to a recollement {T , ' 2 ,T>2,P > 2}- 

Lemma 3.3. Let A be a projective algebra over a commutative ring k, and e an 
idempotent of A. For X' 6 D(A) per f, the following are equivalent. 

1. X- = P- in D(A) for some P- G K b (addeA). 

2. j%f A *(X-)^X- inD(A). 

3. 7x is an isomorphism, where 7 : j A \j A ~^ ^-D(A) * s the adjunction arrow. 

Proof. 1 =>• 2. Since j%j A *(P) = P in Mod A for any P e add eA, it is trivial. 
2«3. By Corollary 2.5. 

3 =>■ 1. Let {Y>}j e j be a family of complexes of D(A). By Proposition 1.3, we 
have isomorphisms: 

]]_Rom D{eAe) (f A *(X-),f A *(Y-)) = l[Kom D(A) (3%r A *(X-),Y-) 
iei iei 

^]±Kom D(A) (X,Yr) 

iei 

^Rom D(A) (X-, ]]_¥■) 

iei 

= Uom D(A) (f A] j A *(X-), ]]_¥■) 

iei 

= Hom D(eAe) (f A *(X-),f A * ([[¥■)) 

iei 

= Hom D(eAe) (j A *(X-),Y[f A * (¥■)). 

iei 

Since any complex Z' of D(eAe) is isomorphic to j A (Y - ) for some Y' £ D(A), by 
Proposition 1.3 the above isomorphisms imply that j A (X') is a perfect complex of 
D(eAe). Therefore, 3a\3a*{.^-'') ^ s isomorphic to P" for some P" GK b (addeA). □ 

Lemma 3.4. Let A, B be projective algebras over a commutative ring k, and e, f 
idempotents of A, B, respectively. For X,Y - € D(B°®A), we have an isomorphism 
in D((/P/) e ): 

fB® B JSHom^pf, Y-) ® B Bf = RYlom A {fX-, fY m ). 

Proof. First, by Proposition 1.1, 2, we have isomorphisms in D((fBf)° eg) B): 

fB ® B RHom A (X-,Y-) = Kom B {Bf,RKom A (X,Y-)) 

= RKom A (X,Rom B (Bf, Y )) 
= RKom A (X,fY-). 



14 



JUN-ICHI MIYACHI 



Then we have isomorphisms in D((fBf)°): 

fB® B RBom m A (X- ,Y-) ® B Bf = RRom A (X-, fV) ® B Bf 

= Rom B (fB,RRom- A {X-JY-)) 
= RRom- A (fX-,fY-). 

□ 

Theorem 3.5. Let A, B be projective algebras over a commutative ring k, and e, 
f idempotents of A, B, respectively. Then the following are equivalent. 

1. A colocalization {D(A), D(eAe); j A] , j A } is triangle equivalent to a colocaliza- 
tion{D(B),D(fBf);j f B] ,j B *}. 

2. There is a tilting complex P - G K b (proj A) such that P 1 = PfffiP^ ^ n K b (proj ^4) 
satisfying 

(a) B = End D{A) (P-), 

(b) under the isomorphism of (a), f G B corresponds to the canonical mor- 
phism P- -> P{^ P- G End D(A) (P-), 

(c) P{ G K b (addeA), andj A (P[) is a tilting complex for eAe. 

3. A recollement {D A / AeA (A), D(A), D(eAe)} is triangle equivalent to a recolle- 
ment{D B/BfB (B),D(B),D(fBf)}. 

Proof. 1 2. Let G : D(B) D(A), G" : D(fBf) D(eAe) be triangle equiva- 
lences such that 

D(B) <=» D(fBf) 
G I | G" 

D(A) 5=; D(eAe) 

is commutative up to isomorphism. Then G{B) and G"(fBf) are tilting complexes 
for A and for eAe with B = End D{A) (G(B)), fBf = End D(eAe) (G"(B)), respec- 
tively. Considering G(B) = G(fB) © G((l — f)B), by the above commutativity we 
have isomorphisms: 

G(fB)^Gj f B] (fBf) 
= 3%G"(fBf) 

= 3%G"j B *(fB) 
= 3%.f A *G(fB), 



f A *G(fB)^G"j f B *(fB) 
= G"(fBf). 

By Proposition 3.3, G(fB) is isomorphic to a complex of K b (add eA), and j A G{fB) 
is a tilting complex for eAe. 

2 => 3. Let B T' A be a two-sided tilting complex which is induced by P' A . By 
the assumption, Res A (fT m ) = P{ in D(A). By Lemma 3.3, 7 /T : j%j A {fT-) ^ 
fT m is an isomorphism in D(A). By Remark 2.18, Proposition 1.1, 5, we have 

fT-e ® e Ae eA ^ fT m in D((fBf)° ® A). By Proposition 1.8, Lemma 3.4, we have 
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isomorphisms in D((fBf) e ): 

fBf = RHom' A (fT' , fT - ) 

= RHom- A (fT-e ® f Ae eA, fT'e ® h eAe eA) 

= RBom A (fT-e,fT-e<S>eAe eAe ) 
^RRom- eAe (fT-e,fT-e). 

By taking cohomology, we have 

fBf~Kom D{eAe) (fT-e,fT-e). 

By the assumption, fT'e = j A {fT') = j A *{P{) is a tilting complex for eAe. Since 
it is easy to see the above isomorphism is induced by the left multiplication, by [17] 
Lemma 3.2, [9] Theorem, fT'e is a two-sided tilting complex in D((fBf)° ® eAe). 
Let 

F = RRom A (T-, -) : D{B° <g> A) -> D{B° <g> B), 
F" = RUom- eAe (fT-e, -) : D(B° ® eAe) - D(B° ® fBf), 

G=-®%T' : D{B° ® B) D(B° ® A), 

G" = - ® fBffTe : D(B° ® eAe) D(B° ® fBf). 

Using the same symbols, consider a triangle equivalence between colocalizations 
{D(B° ® A), D(£?° ® eAe); Jl,, Jl*} and {D(_B° (gi £?), D(5° ® fBf);j f m ,j f B *}. And 
we use the same symbols 

F = RRom A (T, -) : D(A) -» D(B), F" = RRom eAe (fT e, -) : D(eAe) - D(fBf), 

G=-® B T : D(B) -» D(A), G" = - ® / S/ /T"e : D(eAe) -> D(/B/). 

For any A" 1 G D(B° ® A) (resp., A" 1 G D(A)), by Proposition 1.1, 3, we have 
isomorphisms in D(B° ® /S/) (resp., D(fBf)): 

j f B *F(X') S HHomj,(/fl,.RHom; 1 (T-,X-)) 
= RHom^(/T-,X-) 
^«Hom k 01,jX(/T-),X-) 

SHHom; Ae (jl*(/T-),ir(^)) 

-f"jT(a-). 

Since G, G" are quasi-inverses of F, F", respectively, for B G D(_B° ® £?) we have 
isomorphisms in D(B° ® eAe): 

T-e S #*G(B) 
= G"j f B *(B) 

= Bf®f Bf fT'e 

Therefore, for any Y' G D(eAe), we have isomorphisms in D(B): 

jLF"(Y-) = Rnom- fBf (Bf,RKom- eAe (fT-e,Y-)) 

= RKom' B (Bf®f Bf fT'e,Y') 
= RHom' B (T'e,Y') 
^RKom' B (j%(T'),Y') 
^RRom' B (T',f A *(Y')) 
= Ff A *(Y-)- 
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For any Z' G D(fBf), we have isomorphisms in D(A): 

j%G"(Z-) = Z- ® f Bf fT-e ® f Ae e^ 

= Z- ® f B ffT - 

= Z-®f Bf fB ® B T- 
= G"j f m (Z-). 

Since F, F" are quasi-inverses of G, G", respectively, we have j B ,F" = Fj A] . By 
Proposition 3.2, we have the statement. 

3 => 1. It is trivial. □ 

Definition 3.6. Let A be a projective algebra over a commutative ring k, and e 
an idempotent of A. We call a tilting complex F" G K b (projA) a recollement tilting 
complex related to an idempotent e of A if P - satisfies the condition of Theorem 
3.5, 2. In this case, we call an idempotent f G B an idempotent corresponding to 
e. 

We see the following symmetric properties of a two-sided tilting complex which 
is induced by a recollement tilting complex. We will call the following two-sided 
tilting complex a two-sided recollement tilting complex B T A related to idempotents 

eeA,feB. 

Corollary 3.7. Let A, B be projective algebras over a commutative ring k, and e, 
f idempotents of A, B, respectively. Let B T A be a two-sided tilting complex such 
that 

(a) fT'e G D((fBf)° ® eAe) is a two-sided tilting complex, 

(b) fT-e ® t Ae eA £* fT - m D((/B/)° ® A). 
Then the following hold. 

1. Bf <g> f Bf fT-e ^ T-e m D(B° ® eAe). 

2. eT v \f is the inverse of fT'e, where T Vl is the inverse of T - . 

3. Ae <8> L Ae eT v \f = T v \f in D(A° ® fBf). 

4. eT v 7 ® f Bf fB S eT v - m D((eAe)° ® B). 

Proof. Here we use the same symbols in the proof 2 =>■ 3 of Theorem 3.5. It 
is easy to see that F and F" induce a triangle equivalence between bilocalizations 
{D(S ®A),D(B ®eA e );^,,ir,iL}and{D(B ®B),D(B ®/B/);^ p i^,^J. 
By the proof of Theorem 3.5, we get the statement 1, and j B *F = F" ' j\* , j B[ F" = 
Fj% and j Br F" = Fj^. Then we have isomorphisms j B *Fj% = F"j\*j% = F". 

Since - <8> ^F^ - = F, we have isomorphisms eT v \f = RRoni eAe (fT-e, eAe) in 

D((eyle) ® fBf), and - <£> f Ae eT v -f ^ F". This means that eT v 7 is the inverse 
of a two-sided tilting complex fT'e. Similarly, j B *F = F"j%* and j s BX F" = Fj% 
imply the statements 3 and 4, respectively. □ 

Corollary 3.8. Let A, B be projective algebras over a commutative ring k, and e, f 
idempotents of A, B, respectively. For a two-sided recollement tilting complex B T A 

related to idempotents e, f, we have an isomorphism between triangles T - ® A £ e and 
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£/<§>|T- in D(B°®A): 

T-e®t Ae eA ► T - ► T-® L A A A {e) ► T-e®^ e eA[l] 

Bf®f Bf fT- ► T- > ^(/)®|T- ► Bf®f Bf fT-[l]. 

Proof. According to Proposition 3.2, for the triangle equivalence between colocal- 
izations in the proof of Corollary 3.7 there exists F' : £>B°(g,B/BfB{B° <8> B) — > 
Ds°®A/Aeyi(^ ® -<4) such that a rccollcmcnt 

{D B °®B/BfB(B ® B), D(B° ® B), D(B° ® fBf)-i B *,i f B ,,i f B ,j BI ,j B *,j B J 

is triangle equivalent to a recollemcnt 

{D B °®A/AeA(B° ® A), D(B° ® A), D(B° ® eAe);^,^,iljl,,jX,jlJ. 

By Proposition 1.1, Lemma 2.7, the triangle T m <^ A ^ e is isomorphic to the following 
triangle in D(B° ® A): 

jluT^-) - r- -> i^i^(r-) j1,. ? T(t-)[i]. 

On the other hand, the triangle £/ ® gT' is isomorphic to the following triangle in 
D(B°(g>A): 

FjUb(B) - F(B) - Fj£,j£*(B)[l]. 

Since F(B) £* T", Fj B] j B *(B) = j%F"j B *{B) £* j%j A *F(B), Fi B J B *(B) = 
i e At ,F'i f B (B) = i e A J e A *F(B), by Proposition 2.2, we complete the proof. □ 

Corollary 3.9. Let A, B be projective algebras over a commutative ring k, and e, 
f idempotents of A, B, respectively. For a two-sided recollement tilting complex 
bT a related to idempotents e, f , the following hold. 

1. T- ® \A A {e) S A B (f) ® |T- in D(B° ® A). 

2. A A {e) ® ^T v - = T v - ® in D(A° B). 

Proof. 1. By Corollary 3.8. 

2. We have isomorphisms in D(A° ® B): 

^k(e) ® a^ V " = r v " (8) |T- ® ^(e) ® ^T v " 

^t v -®|^(/)®|t-®*;t v - 

□ 

Definition 3.10. Lei ^4, B &e projective algebras over a commutative ring k, and 
e, f idempotents of A, B, respectively. For a two-sided recollement tilting complex 
bT a related to idempotents e, f , we define 

A T = T-® I A A A {e) e D(B° ® A), A£ = A A (e) ® ^T v - e D(A° eg) B). 
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Proposition 3.11. Let A, B be projective algebras over a commutative ring k, and 
e, f idempotents of A, B, respectively. For a two-sided recollement tilting complex 
B T A related to idempotents e, f , let 

F' = RRom- A (A- T , -) : D A/AeA (A) -» D B/BfB (B), 
F = RUom A (T\ -) : D(A) -» D(S), 
F" = RKom- eAe (fT-e, -) : D(eAe) - D(fBf). 

Then the following hold. 

1. We have an isomorphism F' = — <g> A Aj,' ■ 

2. A quasi-inverse G' of F' is isomorphic to R Honig (A)f - , — ) = — <8> B A' T . 

3. F' , F, F" induce that a recollement {D A / AeA (A),D(A),D(eAe}} is triangle 
equivalent to a recollement {D B / B f B (B), D(B), D(fBf)}. 

Proof. According to Proposition 3.2, F' exists and satisfies F' = i B *Fi\^ = i B Fi Aif . 
By Proposition 2.17, we have isomorphisms 

i f B *Fi A ^RRom A (T-,-)^^A B (f) 

^-® L A T y -® L B A B {f), 
i f B Fi A * - RHom B (A B (f), RHom A (T' , — )) 

= RRom A (A B (f)®LT-,-). 
Let G = RHom B (T Vm , — ). Since G' = i e A Gi B% = i B Gi Bsf , we have isomorphisms 

i%Gi f B , <* RRom B (TV; -) ® L A A A {e) 

^-® 1 B -T-® I A A- A {e), 
iiGi Br - R Hom^ (A' A (e),R Honig (T v " , -)) 

= RRom B (A A (e) <§> iT v ", -). 

By Corollary 3.9, we complete the proof. □ 

Corollary 3.12. Under the condition of Proposition 3.11, the following hold. 

1. Res A A' T is a compact object in D A / AeA (A). 

2. Res B oA' T is a compact object in ^>( B / B f B y{B°). 

3. RHom.' A {A' T , —) : D* A / AeA (A) — ► D* B / B f B (B) is a triangle equivalence, where 
* = nothing, +, — , b. 

Proof. 1, 2. By Corollary 2.9, it is trivial. 

3. Since for any X' e D A / AeA (A) we have isomorphisms in D B / B f B (B): 

F'(X-) = RRom A (A- T ,X-) 

= RUom A (T- <g> \A A (e),X-) 

RUom A (T\RUom A (A A (e),X-)) 
= RUom A (T-,X-), 

we have ImF'^ ^ A ^ C D* B / B j B (B), where * = nothing, +, — ,b. Let G' = 
RRom B (A^, - ,—), then we have also lmG'\D* B/BJB (B) C D A / AeA (A), where * = 
nothing, +, — ,b. Since G' is a quasi-inverse of F', we complete the proof. □ 
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Proposition 3.13. Let A, B be projective algebras over a commutative ring k, and 
e, f idempotents of A, B, respectively. For a two-sided recollement tilting complex 
bT' a related to idempotents e, f , the following hold. 

1. RRom- A {A T ,A- T ) ^ A T ®\Afc ^ A B (f) inD(B c ). 

2. RRom B o(A- T ,A- T ) = Afc ®^A' T = A m A (e) in D(A C ). 

3. We have a ring isomorphism End D ( J 4)(Z\^) = B/BfB. 

4. We have a ring isomorphism End D ( B o) (A m T ) = (A/AeA)° . 

Proof. 1. By Corollaries 2.19, 3.9, Proposition 3.11, we have isomorphisms in 

D(B e y. 

RHom A (A m T , A' T ) = A m T ® A A^ m 

^A B (f)® B T-® L A T y -® L B A B (f) 
= A B (f)® L B A B (f) 

2. By Remark 2.20, Corollary 2.19, we have isomorphisms in D(A C ): 

RRom BO (A- T ,A- T ) = i?Hom^ (T" <£> A A' A (e), T" ® ^Zi^(e)) 

^ i?Hom^„(Z\^(e),i?Homs (T-,r- ® 5^k( e ))) 
SflHom^(^(e),^(e)) 

= ^k(e), 
and have isomorphisms in D(A C ): 

= ^k(e)®^k(e) 

3. By Corollaries 2.19, 3.9, we have ring isomorphisms: 

End D(A) (Z\^) = End D(B) (A- T ® ^T v -) 

= End D(B) (Z^(/)®£T-®5T v -) 

^End D(s) (Z^(/)) 

= B/BfB. 

4. By taking cohomology of the isomorphism of 2, we have the statement by 
Remark 2.20. □ 

We give some tilting complexes satisfying the following proposition in Section 4. 

Proposition 3.14. Let A, B be projective algebras over a commutative ring k, 
e an idempotcnt of A, P - a recollement tilting complex related to e, and B = 

End D ( j4 )(P 1 )- If P' ®AA A {e) = ^k( e ) in D (-4); then the following hold. 

1. A/AeA = B/BfB as a ring, where f is an idempotent of B corresponding to 
e. 

2. The standard equivalence RKom A (T\— ) : D(A) — > D(B) induces an equiv- 
alence R° Hom' A (T' , — )| m oc | A/AeA ■ Mod A/AeA -> Mod B/BfB, where bT' a 
is the associated two-sided tilting complex of P - . 



20 



JUN-ICHI MIYACHI 



Proof. 1. By the assumption, we have an isomorphism ReSAA' T — ResAA' A (e) in 
D(A). By Corollary 2.19, Proposition 3.13, we have the statement. 

2. Let D° A/AeA (A) (resp., D° B/BfB (B)) be the full subcategory of D A/AeA (A) 
(resp., D B / B f B (B)) consisting of complexes X' with IF(X - ) = O for i ^ 0. This 
category is equivalent to Mod Aj AeA (res., Mod B/BfB). By Corollary 3.9, we 
have isomorphisms in D(B): 

A£ ^A A {e)®\T y - 

= T-® L A A A {e)® L A T^ 

^A B (f)® L B T-® L A T^ 
= * B (f). 

Define 

F' = RRom A (A T ,-) : D A/AeA (A) D B/BfB (B), 
G' = RUom A (A^, -) : D B/BfB (B) -> D A/AeA (A), 

then they induce an equivalence between D A / AeA (A) and D B / B f B (B), by Proposi- 
tion 3.11. For any X E Mod A/ AeA, we have isomorphisms in D(fc): 

Res k RHom A (A m T , X) = Res k RKom A (A A (e), X) 
= X. 

This means that iioaF'\ ModA / AeA is contained in D B / B j B (B). Similarly since we 
have isomorphisms in D(fc): 

Res k RRom B (A%,Y) S Res k RRom B (A B (f),Y) 

= Y, 

for any Y E Mod B/BfB, Im G' | Mod B/BfB is contained in D A , AeA (A). Therefore 
F 1 and G' induce an equivalence between D A / AeA (A) and D Bj/B j B (B). Since we 
have isomorphisms in D(B): 

RRom A (T-,X) = RRom- A (T-,i e A ,(X)) 
= t Bf RRom- A (A- T ,X) 

for any X E Mod A/ AeA, we complete the proof. □ 

4. Tilting Complexes over symmetric Algebras 

Throughout this section, A is a finite dimensional algebra over a field k, and 
D = Honifc(— , k). A is called a symmetric fc-algebra if A = DA as A-bimodules. In 
the case of symmetric algebras, the following basic property has been seen in [18]. 

Lemma 4.1. Let A be a symmetric algebra over a field k, and P- E K b (projA). 

For a bounded complex X' of finitely generated right A-modules, we have an iso- 
morphism: 

Uom- A (P-,X-)=DUom- A (X-,P-). 

In particular we have an isomorphism: 

Uom K{A) (P-,X-[n\) S DRom K{A) (X-,P-[-n}) 

for any n E Z. 
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Definition 4.2. For a complex X' , we denote l(X m ) = max{n | R n (X') ^ 0} — 
mm{n | H"(A") ^ 0} + 1. We call l(X-) the length of a complex X\ 

We redefine precisely Definition 2.12 for constructing tilting complexes. 

Definition 4.3. Let A be a finite dimensional algebra over a field k, M a finitely 
generated A-module, and P - : P s ~ r p*>-i _^ ps g K b (projA) a partial 

tilting complex of length r + 1. For an integer n > 0, by induction, we construct a 
family {A' n (P m , M)}„>o of complexes as follows. 

Let Z\q(P", M) = M . For n > 1, by induction we construct a triangle Q n (P - , M): 

P^[n + s-r-l}^A- n _ 1 (P-,M)^A- n (P;M)^P^n + s-r} 

as follows. If HoniK^^P 1 , A - n _ 1 (P - , M)[r — s — n + 1]) = 0, then we set P' n = O. 
Otherwise, we take P' n e addP" and a morphism g' n : P' n — > A' n _ 1 (P - , M)[r — s — 
n + 1] such that Hom|<(A)(P') g'n) * s a projective cover as Endo^(P m )-modules, and 
9n =g' n [n + s-r-l]. Moreover, 9; l (P", M) = A n (P-,M) © P-[n + s - r}. 

By the construction, we have the following properties. 

Lemma 4.4. For {A n (P - , M)}„> , we have isomorphisms: 

B r - n+i (A- n (P-,M)) - R r - n+ \A- n+] (P-,M)) 

for all i > and oo > j > 0. 

Lemma 4.5. For {A n (P~, M)}„>o and oo > n > r, we have 

Eom D{A) (P-,A- n (P-,M)[i\) = 

for all i ^ r — n. 

Proof. Applying Homo^^P 1 , — ) to ( n (P m ,M) (n > 1), in case of < n < r we 
have 

Rom D{A) (P-,A- n (P-,M)[i}) = 
for i > r — n or i < 0. Then in case of n > r we have 

Uom D{A) (P-,A- n (P-,M)\i}) = 
for i ^ r — n. □ 

Theorem 4.6. Let A be a symmetric algebra over a field k, and P - G K b (projA) 
a partial tilting complex of length r + 1 . Then the following are equivalent. 

1. W(A- r (P-,A)) = O for all i > 0. 

2. Q' n (P',A) is a tilting complex for any n>r. 

Proof. According to the construction of A' n (P - ,A), it is clear that <d n (P',A) gen- 
erates K b (proj J 4). By Lemmas 4.1 and 4.5, it is easy to see that Q n (P\A) is a 
tilting complex for A if and only if Hom D ( A ^(A' n (P', A), A' n (P', A)[i]) = for all 
i > 0. By Proposition 4.4, we have 

W(A- r (P-,A))=U\A- n (P-,A)) 

^Rom D{A) (A, A-JP-,A)[i}) 

for all i > 0. For j < n, applying Rom D ( A ^(— , A m n (P - , A)) to (j(P m , A), we have 

Hom D(A) (A- (P- ,A),A' n (P- , A) [i] ) = Hom D( A) (A' j _ 1 (P',A), A n (P , A) [z] ) 
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for alii > 0, because Hom D(A) (P[j-r-l], A n {P\ A)[i]) = for alii > 0. Therefore 
Kom D ( A) (A,A- n (P-,A)[i]) = for alii > if and only if Rom D(A) { A-JP- , A), 
A- n (P-,A)[i]) = for alH > 0. □ 

Corollary 4.7. Let A be a symmetric algebra over a field k, P - G K b (proj A) a 

partial tilting complex of length r + 1, and V' the associated bimodule complex of 
P 1 . Then the following are equivalent. 

1. R l (A- A (V-)) = O for all i > 0. 

2. Q' n (P m , A) is a tilting complex for any n>r. 

Proof. According to Corollary 2.16, we have A A (V m ) = A^P^A) in D(A). Since 
R^A^P^Aj) R l (A- r (P- , Aj) for i > 0, we complete the proof by Theorem 
4.6. □ 

In the case of symmetric algebras, we have a complex version of extensions of 
classical partial tilting modules which was showed by Bongartz [3] . 

Corollary 4.8. Let A be a symmetric algebra over a field k, and P- G K b (projA) 

a partial tilting complex of length 2. Then Q' n (P',A) is a tilting complex for any 
n > 1. 

Proof. By the construction, A\(P m ,A) = O for i > 0. According to Theorem 4.6 
we complete the proof. □ 

For an object M in an additive category, we denote by n(M) the number of 
indecomposable types in addM. 

Corollary 4.9. Let A be a symmetric algebra over a field k, and P 1 G K b (proj A) 

a partial tilting complex of length 2. Then the following are equivalent. 

1. P" is a tilting complex for A. 

2. n(P-) = n(A). 

Proof. We may assume P- : P- 1 P°. Since G\(P-,A) = P- 8 A\(P m ,A), by 
Corollary 4.8, we have n(A) = n(<d\(P - , A)) = n(P - ) + m for some m > 0. It is 
easy to see that m = if and only if add Q\(P - ,A) = add P\ □ 

Lemma 4.10. Let 9 : lo(eAe) ~^ 3a3a\ ^ e the adjunction arrow, and let A" G 
D(eAe) and Y m G D(A). For h G Hom D(j4) (j A ,(A-), Y"), let = j%*(h) o 

0Xj fien $ : Homo^Q'^A"), Y") — » Hom D ( A )(A", j A Y m ) is an isomorphism as 
EndD(A) (A 1 ) -modules. 

Theorem 4.11. Let A be a symmetric algebra over a field k, e an idempotent of 
A, Q - G K b (proj eAe) a tilting complex for eAe, and P - = j% (Q') ^ K b (proj A) with 
l(P') = r + 1. For n > r, the following hold. 

1. Q' n (P',A) is a recollement tilting complex related to e. 

2. A/AeA = B/BfB, where B = End D(A )(©^(P-, A)) and f is an idempotent 
of B corresponding to e. 

Proof. We may assume P' : P~ r — > . ..P -1 — > P°. Since j A , is fully faithful, 
H° m D(A)(P' ■> P'[i]) — for i ^ 0. Consider a family {Z\^(P", ^4)}„> of Definition 
4.3 and triangles ( n (P',A): 

P;[n - r - 1] ^ /^(P, A) ^ zi;(P, A) - P> - r]. 
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The morphism <J> of Lemma 4.10 induces isomorphisms between exact sequences in 
ModB: 

Hom D(A) (P-,P;[n-r-l+i]) -> Hom D(A) (P, 

Hom D(eAe) P; [n-r- 1 + i]) -> Hom D ( eAe ) (Q - , j A * A' n _ 1 (P' , A) [i] ) 

Hom D(A) (P-,Z\^(P-,A)[i]) -> Hom D( A) (P,P;[n-r + i]) 

I $ I $ 

Hom D(eAe) (Q-, j^^n(P',^)W) -> Hom D(eAe) (Q m ,j A *Pn [n-r + i]) 

for all i. By Lemma 4.10, we have f A * (C, n (P- , A)) = ( n (Q',j A A) in D(eAe), and 
then {j A (A' n (P - , A))} n > — {A' n (Q', Ae)} n >o- By lemma 4.5, it is easy to see that 

Bom o{eAe) (Q-,A- oo (Q-,Ae)\i])=0 

for all i E Z. Since Q 1 is a tilting complex for eAe, A - oc (Q m , Ae) is a null complex, 
that is H 4 (^(<3", Ae)) = O for all i E Z. By Lemma 4.4, for n > r we have 
H l (A' n (Q', Ae)) = O for all i > 0. By the above isomorphism, for n > r we have 
H (A - n (P - ,A)) e Mod A/AeA for all i > 0. On the other hand, ^(P-,A) has the 
form: 

p. . p— n pO .pi . . p' — 1 

It . It — ► . . . — > It — > It — > . . . — > It , 

where PJ e add eA for i ^ 0, and R° = A © i?'° with G add eA. Since 
Horn^eA, Mod A/AeA) = 0, it is easy to see that A m n (P m ,A) = a< A m n (P m ,A) 
(= o-<o . . .CT< r _ 2 ^(P-, A) if r > 2). Therefore, R\A- n (P-, A)) = O for all i > 0, 
and hence Q m n (P',A) is a recollement tilting complex related to e by Theorem 4.6. 

Since Q- n (P;A) = P-[n - r] © R- and ® \A A (e) = i e A j e A ,( x ') = for 

X- e D(eAe), we have an isomorphism Q' n (P m , A) ®a ^(e) = ^(e) in D(A). By 
Proposition 3.14, we complete the proof. □ 

Corollary 4.12. Under the condition Theorem ^.11, let bT a be the associated two- 
sided tilting complex of O m n (P m , A) . Then the standard equivalence RHom' A (T - , — ) : 
D(A) —* D(B) induces an equivalence i?°Hom A (T 1 , — )\wiod A/AeA ■ Mod A/AeA —* 
Mod B/BfB. 

Proof. By the proof of Theorem 4.11, we have T 1 ® A A A (e) = A A (e) in D(A). By 
Proposition 3.14, we complete the proof. □ 

Remark 4.13. For a symmetric algebra A over a field k and an idempotent e of A, 
eAe is also a symmetric k-algebra. Therefore, we have constructions of tilting com- 
plexes with respect to any sequence of idempotents of A. Moreover, if a recollement 
{D A / AeA (A), D(A), D(eAe)} is triangle equivalent to a recollement {D b / B jb(B), 
D(B), D(fBf)}, then B and fBf are also symmetric k-algebras. 

Remark 4.14. According to [17], under the condition of Theorem J^.ll we have 
a stable equivalence mod A — > mod i? which sends A/ AeA-modules to B/BfB- 
modules, where mod A mod i? are stable categories of finitely generated modules. 
In particular, this equivalence sends simple Aj AeA-modules to simple B/BfB- 
modules. 

Remark 4.15. Let A be a ring, and e an idempotent of A such that there is a 
finitely generated projective resolution of Ae in Mod eAe. Then Hoshino and Kato 
showed that &' n (eA, A) is a tilting complex if and only if Ext^ (A/AeA, eA) = 
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for < i < n ([7]). In even this case, we have also A/AeA = B/BfB, where 
B = End D( - j 4)(0^(eA, A)) and f is an idempotent of B corresponding to e. Moreover 
if A, B are projective algebras over a commutative ring k, then by Proposition 3.14 
the standard equivalence induces an equivalence Mod A/AeA ^ Mod B/BfB. 
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